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Introduction

Geometry for elementary school

Our tools: Ruler and
compass

Introduction

Why geometry?

Geometry is one of the most elegant fields in matitecs. It deals with visual shapes that we knawnfr
everyday life, yet uses accurate proofs.

Learning geometry does not require previous skilsbasic arithmetic. Hence, geometry is suitasan
introduction to mathematics for elementary school.

Who should use this book?

This book is intended for use by a parent (or alteg and a child. It is recommended that the pgavéh
be a bit familiar with geometry but this is not assary. The parent can simply read the chapteréefo
teaching the child and then learn it with it.

Book guidelines

The classic book about geometry is Euclid's Elesent
(http://alephO.clarku.edu/~djoyce/java/elementsktal) . This book helped teaching geometry for
hundreds of years, so we feel that writing thiskobased on the elements is a correct step.

We will adapt parts of the book for children, anddify the order of some topics, in order to make th
book clearer.

The learning will be base on constructions and fstothe constructions are useful for letting thidch
experience geometric ideas and get visual resutts proofs are a good way to understand geometty an
are a good basis for future study of logic. Sireeliook is for children, we omit some of the prdefails
and use intuitive instead of precise definition. @& other hand, we insist on correct and elegartfg.
Precise definitions and exact proofs can be fonneégular geometry books and can be used to extend
material to some of the children.

Notation

The notation that is used in the book is definetthafirst time it is used. However, it order tmglify the
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use, it is also summarized in a special chapter.

Euclid's Elements online
(http://aleph0.clarku.edu/~djoyce/java/elements/totitml)

There is an wonderful online version of Euclid'sfaénts at this web site
(http://alephO.clarku.edu/~djoyce/java/elementshtnl) . The site was created by David E. Joyce, a
Professor of Mathematics and Computer ScienceakClniversity. This site includes all the texttbé
Elements, applets that display the constructionlsmaany insightful comments. We give reference is th
book to the original source and engource the readerad the source in order to learn more abaut th
chapter.
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Ruler and Compass

Geometry for elementary school

Introduction Our tools: Ruler and compass Points

Introduction

m |ntroduction of the tools

How to draw a line?

= Using the ruler (based on Book I, Postulate 1
(http://alephO0.clarku.edu/~djoyce/java/elementskbipostl.html) ).
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= We will use the notatio 4 3 for the line segment the startsfatind ends aB. Note that we don't
care about the segment direction and there 4 B isthe same ¢ | 4 .

How to draw a circle?

» Using the compass (based on Book I, Postulate 3
(http://alephO.clarku.edu/~djoyce/java/elementskbipost3.html) ).

We use the notatiooA, AE for the circle whose center is the pofnhaind its radius length equals that
of the segmer 4 3.
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3=
(B

S

Note that in other sources, suctEuclid's Elements

(http://alephO0.clarku.edu/~djoyce/java/elementskhoiefl15.html) , a circle is described by any 3mie

on its circumferenceABC.

The center-radius notation was chosen becausg sdiitiability for constructing circles.
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Points

Geometry for elementary school

Our tools: Ruler and

Points Lines
compass

= A Point is the limit of a circle whose size is decreasing.

You might be surprised to know, but this is noobap

. This is not a point. The reason tijat this shape is not a point is thstoo large, it has area.
This is a 'ball'.
This is not a point
either.

m  Another non point. And that is too large as well...

Even when taking a ball of half that size we dgetta point.

A point is so small that even if we divide the safeéhese balls by 100, 1,000 or 1,000,000 it sl be
much larger than a point. A point is considerehésitely small In order to get to the size of a point we
should keep dividing the ball size by two - foreV@on't try it at home - it will take you too mutime!

A point seems to be too small to be useful. Luclkalywe will see when discussing lines we havetplen
of them.
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Lines

Geometry for elementary school

Constructing equilateral

Points Lines :
triangle

= non straight lines

Lines

A
A

&
R/ -

A line is infinitely thin having infinite number gdoints, extending forever in both the directiohao
lines can intersect only in a single point.

Line segments
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C

A line segment is a part of a line, which has twd points.

Rays
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N

A ray has only one end point.

= axiom: there is only a single straight line betwega points.

A.
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= show that this axiom is not true in general - dedmaight lines on a ball

Points A and B on the surface of a sphere (a ball)

p.

One way of connecting A and B with a straight line

l

Another way of connecting A and B with a straighel

= show by halving that there are infinite number oiiyps in a line
= show that the number of points in a long line asthart line is equal

14 of 72 4/25/2007 2:13 PM



Geometry for elementary school/Print version - \Wddks, collection...  http://en.wikibooks.org/wiki/@metry for_elementary_ school/Print...

Constructing an Equilateral Triangle

Geometry for elementary school

Constructing equilateral

triangle Copying a line segment

Lines

Introduction

In this chapter, we will show you how to draw awigaferal triangle. What does "equilateral” mean? |
simply means that all three sides of the triangtetiae same length.

Any triangle whose vertices (points) akeB andC is written like this:, A\ A B(.

And if it's equilateral, it will look like the on the picture below:

C

The construction

The construction (method we use to draw it) is BaseBook I, proposition 1
(http://alephO.clarku.edu/~djoyce/java/elementskipoopll.html) .

1. Using your ruler, Draw a line whatever length yoanivthe sides of your triangle to be.
Call one end of the linA and the other end.
Now you have a line segment cal’4 3.
It should look something like the drawing below.
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2. Using your compass, Draw the cir(QA! AE , whose center i& and radius it 4 .

3. Again using your compass Draw the ciroc B, AE , whose center iB and radius it 4 3.
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4. Can you see how the circles intersect (cross an ether) at two points?
The points are shown in red on the picture below.
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5. Choose one of these points and cdll.it
We chose the upper point, but you can choose therlpoint if you like. If you choose the lower
point, your triangle will look "upside-down", butwill still be an equilateral triangle.

C

6. Draw a line betweeA andC and get segmel A¢ .

C
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7. Draw a line betweeB andC and get segmeig ' .

&

8. Construction completed.

Claim

The triangle/, A4 B¢ is an equilateral triangle.

Proof

1. The pointsB andC are both on the circumference of the ci|oA, AFE and pointA is at the
center.
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2. So the line 4 B3 is the same length as the I 4.
Or,more simply A — A

C

3. We do the same for the other circle:
The pointsA andC are both on the circumference of the cth, AE and poinB is at the

center.
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4. Sowecansayth AE — B¢ -
C

5. We've already shownth A — AT
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and 45 — BC -

Since A7 and 5~ are both equal in length 4 B, they must also be equal in length to each
other.

Sowecansa A7 — B

6. Therefore, the line 4 g and 4 and g are all equal.
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AB=AC =EBC

7. We proved that all sides /A B are equal, so this triangle is equilateral.

Problems with the proof

The construction above is simple and elegant. @Qnamagine how children, using their legs as compas
accidentally find it.

However, Euclid’s proof was wrong.

In mathematical logic, we assume some postulatescdlistruct proofs by advancing step by step. A
proof should be made only of postulates and cldirascan be deduced from the postulates. Somelusefu
claims are given name and called theorems in dodenable to use them in future proofs.

There are some steps in its proof that cannot beael from the postulates. For example, accordiag t
postulates he used the circoﬂ_, AFE and oB, AB doesn’t have to intersect.

Though that the proof was wrong, the constructsonat necessarily wrong. One can make the
construction valid, by extending the set of potadalndeed, in the years to come, different sets o
postulates were proposed in order to make the praaf. Using these sets, the construction thake/ep
well on the using a pencil and papers, is also ddagically.

This error of Euclid, the gifted mathematician, sldoserves as an excellent example to the diffyanlt
mathematical proof and the difference betweendtaur intuition.
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Copying a Line Segment

Geometry for elementary school

Constructing equilateral

triangle Copying a line segment Copying a triangle

Introduction

This construction copies a line segm 4 3 to a target point. The construction is based on Book |,
prop 2 (http://alephO.clarku.edu/~djoyce/java/elataookl/propl2.html) .

The construction

1. Let A be one of the end points 4 3. Note that we are just giving it a name here. (&feld
replaceA with the other end poirig).

T

2. Draw a IineAT

T

A LB

3. Construct an equilateral trianc /A AT ) (a triangle tha AT is one of its sides).

el
A B
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4. Draw the circleoA, AE , whose center i& and radius it 4 J3.

'

5. Draw a line starting fror going throughA until it intersectco 4, A B and let the intersection
point beE . GetsegmeniAF and O E .

>

6. Draw the circleoD! D FE' , whose center i® and radius it [) | .

¥

7. Draw a line starting frond going throughr” until it intersectsc [J [J) F7 and let the intersection
point beF. Get segmeniT F" and [ F.
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Claim

The segmer T [ is equal tc 4 B and starts at.

T

Proof

1. Segment: 4 3 and 4 E are both from the center OA, AR toits circumference. Therefore
they equal to the circle radius and to each other.
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Vaw ¥

2. Segment: 1) 7 and [) 7 are both from the center OD! D E to its circumference. Therefore
they equal to the circle radius and to each other.

\

3. DE equalstothesumofitspay) 4 and A F .

\

4. DF equalsto the sumofitspapT andT F.
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A

5. The segmer ) 4 is equal tcf)T since they are the sides of the equilateral e NAT D .

T

6. Since the sum of segments is equal and two oftthergands are equal so are the two other

summand! A F and T F .

A

7. Therefore 4 B equals T .
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Constructing a Triangle

Geometry for elementary school

Copying a line segment Copying a triangle Copying aangle

Introduction

In this chapter, we will show how to constructiangle from three segments. The construction isdas
on Book I, proposition 22 (http://alephO.clarku.égljoyce/java/elements/bookl/propl22.html)

The construction

Given three line segmer 4 B, (' [) and E 7 we build a trianlge whose sides equal the segments.

1. Copy the line 7 [ to pointA.
[y

[

L'\ B
T

M

If you have forgotten how to do this, follow thesiructions in the previous section. Your
construction should look like the grey lines in fheture below. Call the new lir 47

It's a good idea to erase your construction lirms, rs0 all that's left are the four line segments
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shown below.

2. Copy the line £ 7 to pointB
D

C \k

¥

A-r::‘_‘_: :

T

http://en.wikibooks.org/wiki/Gmetry for_elementary_school/Print...

Your construction should look like the grey linaeghe picture below. Call the new li 5 7

3. Draw the circleo;l] A, whose center i and radius it A¢7 .
4. Draw the circle:;B] B H, whose center iB and radius it B 7 .
5. LetJ be an intersection point o A, A7 ando 3, BIT.

)

I
L

A
d " -
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6. Draw a Iineﬁ.
7. Draw a IineBJ.

Claim

The sides of the triang/\ A B.J equaltc AR, ' pandEF.

Proof

=

The segmer 4 3 is a side of the triangle and equal to itself.

2. The segmer 4 J is equal tc A7 because they are both radii of cio A, A(5. And because it
was copied A7 =¢7[) . Therefore 4 T is also equal /7 )

3. The segmer g J is equal tc B ff because they are both radii of cig 13, B H . And because it
was copied B F=F F - Therefore g T is also equal t f 7

4. Hence the sides of the trian¢, A B.J areequal tt 4 B, (" pDand E F .

Testing the procedure

1. Draw a line 4 3 of some length.

Copy the line 4 3 to an arbitrary poin€ and ge' 4 3 .

3. Draw a line E & such that it length is three times the lengt 4 B. (We didn't specify how to
construct such a segment and we give it as an®gcélse chapter Copy the line as a guide for the
solution.

4. Construct a triangle frot A B, . Dand E F .

N

Why you couldn't construct the triangle in the tes?

The reason we couldn’t build the triangle in th& ie that the circles we constructed did not set.
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One cannot use any three segment to construargke. The length of the segments must obey a
condition called “The triangle inequality”. Thedngle inequality states that any of the segmersidh
be shorter that the sum of the length of the atlversegments. If one of the segments is longecitictes
do not interest. If one segment equals to the sutmecother two, we get a line instead of a trieng|

Therefore, the construction is correct but one khoandition the segments on which it can be applie
Note that the original construction was conditiobgdeuclid, hence there is no error in the consimuc
or in its proof.
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Why the Constructions are not Correct

Geometry for elementary school
The Side-Angle-Side

Copying an angle Why the constructions are not corret” congruence theorem

Introduction

In the previous chapters, we introduced constrasteind proved their correctness. Therefore, these
constructions should work flawlessly. In this cleptve will check whether the construction are adle
flawless.

Testing a construction

1. Draw a line of 4 B of length 10cm.
2. Copy the line segment to a different point
3. Measure the length of the segment you constructed.

Explanation

I must admit that | never could copy the segmeatiately. Some times the segment | constructedofvas
the length 10.5cm, | did even worse. A more talémerson might get better results, but probably not
exact.

How come the construction didn't work, at leasthycase?

Our proof of the construction is correct. Howewke construction is done in an ideal world. In this
world, the lines and circles drawn are also id€akey match the mathematical definition perfectly.

The circle | draw doesn't match the mathematicahiien. Actually, many say that they don't mataty
definition of circle. When I try to use the consiion, I'm using the wrong building blocks.

However, the construction are not useless in auirdan ideal world. If we use approximation of acte
in the construction, we are getting and approxiomatif the segment copy. After all, Even my copgas
too far from the original.

Note

In the Euclidian geometry developed by the Greekrthe is used only to draw lines. One cannot measu
the length of segments using the rulers as wendilis test. Therefore our test should be viewea as
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criticism of the use of Euclidian geometry in tle@lrworld and not as part of that geometry.
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Side-Side-Side Congruence Theorem

Introduction

In this chapter, we will start the discussion ofigauence and congruence theorems. We say the two
triangles are congruent if they have the same sfdpetriangles™, A4 B¢ and ) F F congruence if
and only if all the following conditions hold:

1. The side A g equalsH E .

C F

A B D E

2. The side 57 equals|E F.

C F

A B D E

3. The side A equals[) F.

36 of 72 4/25/2007 2:13 PM



Geometry for elementary school/Print version - \Wdaks, collection...  http://en.wikibooks.org/wiki/@metry for_elementary_school/Print...

4. The angle ARB('equals /D EEF .
C F

A

5. Theangle,/ B('4 equals /EF[ .
C F

A B D E

6. Theangle /AR equals/FDE .
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Note that the order of vertices is important. passible tha/, 4 B¢ and won't congruence
though it is the same triangle.

Congruence theorems give a set of less conditlmtsare sufficient in order to show that two trikesg
congruence.

The first congruence theorem we will discuss isSiue-Side-Side theorem.

The Side-Side-Side congruence theorem

Given two triangleis, 4 B¢ and /A [) F F* such that their sides are equal, hence:

1. ThesideA B equals D E .

2. The side 57 equals|E F.
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3. The side A" equals[) F.

Then the triangles are congruent and their angées@ual too.

Method of Proof

In order to prove the theorem we need a new pdstulle postulate is that one can move or flip any
shape in the plane without changing it. In paracubne can move a triangle without changing desior
angles. Note that this postulate is true in plas@ngetry but not in general. If one considers gegmet
over a ball, the postulate is no longer true.

Given the postulate, we will show how can we mowe triangle to the other triangle location and show
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that they coincide. Due to that, the triangleseareal.

The construction

1. Copy The line Segment sit 4 3 to the poinD.
2. Draw the circle

3. The circle and the segmeiJ) £ intersect at the poirlt hence we have a copy 4 B
such that it coincides wit[) .

4. Construct a triangle wit [ f asits base g¢7, A as the sides and the vertex at the side of
the vertext. Call this triangle triangles

The claim

The triangles/, D F F and /M, A B¢ congruent.

The proof

The pointsA andD coincide.
The pointsB andE coincide.
The vertex is an intersection point of and

The vertexG is an intersection point of and

It is given tha' 1) 7 equals A¢ .

Itis given thal ' 7 equals B .

Therefore, equals and equals

However, circles of different centers has at mo&t intersection point in one side of the segment

the joins their centers.

Hence, the point& andF coincide.

. Thorough two points only an straight line passewréfore £ coincides witt g 7 and (7 )
coincides witt ) .

11. Therefore, the coincides witt A ) F! ' and therefore congruent.

12. Due to the postulate and/\ A B( are equal and therefore congruent.

13. Hence, A\ D F F and /A B congruent.
14. Hence,/ AB('equals/DFEF ., / BCA equals/FF[D and /CAB equals/FDE .

© No Ok~ WDNhE

o ©

Note

The Side-Side-Side congruence theorem appearsas|Barop 8
(http://alephO.clarku.edu/~djoyce/java/elementskhipoopl8.html) at the Elements. The proof hereis
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the spirit of the original proof. In the originalqonf Euclid claims that the verticésandG must coincide
but doesn’t show why. We used the assumption tietlés of different centers has at most one
intersection point in one side of the segment dinesjtheir centers”. This assumption is true impla
geometry but doesn’t follows from Euclid’s originastulates. Since Euclid himself had to use such
assumption, we preferred to give a more detaildfptbough the extra assumption.
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Copying a Triangle

Geometry for elementary school

Copying a line segment Copying a triangle Copying aangle

Introduction
In this chapter, we will show how to copy a triaa/, 4 3¢ to other triangle . The

construction is a excellent example of teduction technique — solving a problem by solution to a
previously solved problem.

The construction

1. Construct a triangle from the sides™ AB(': AR, A B¢ and get

Claim

The triangles/, 4 B( and congruence.

Proof

1. AR, A, B¢ are sides of the triang/, 4 B(' and therefore obey the triangle inequlity.
2. Therefore one can build a triangle whose sideslghjase segments.

3. The sides of the triang/, 4 B¢ and are equal.
4. Due to the The Side-Side-Side congruence theorerriingles/, 4 B¢ and
congruence.
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Copying an Angle
Geometry for elementary school

Why the constructions are

Copying a triangle Copying an angle not correct?

Introduction

In this chapter, we will show how to copy an ar/ 4 B (' to other anglt /([ E . The construction
is based on I, proposition 23 (http://alephO.clagklu/~djoyce/java/elements/bookl/propl23.htmIBook)

The construction

1. Draw a line betweeA andB and ge/\ A B
2. Copy the triangle/, 4 B and get

Claim

The angle,” A B('and /(' E are equal.

Proof

1. The triangles/, A B(' and get congruence.
2. Therefore the angles of the triangles equal.

3. Hence / A RB('and /(' E are equal.

Note that any two points on the rays can be usedetate a triangl
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Bisecting an Angle

Introduction

In this chapter, we will learn how to bisect anlaniven an angl/” 4 B¢ we will divide it to two
equal angles. The construction is based on bgmoposition 9
(http://alephO0.clarku.edu/~djoyce/java/elementskipoopl9.html)

The construction

1. Choose an arbitrary poiilt on the segmer 4 3.

2. Draw the circle
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3. LetE be the intersection point B and

4. Draw the IineDE )
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5. Construct an equilateral triangle ) £ with third vertex- and ge A\ D F' F

6. Draw the IineBF.
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Claim

1. Theangle s AEF, /F B({ equaltohalfo/ARB(

The proof
1. D E is asegment from the center to the circumferehce and therefore equals its
radius.
2. Hence, B F equalsgJ) .
3. DF and E F are sides of the equilateral trian/ D F'F.
4. Hence,) FF equalsE .
5. The segmer g 7 equals to itself
6. Due to the Side-Side-Side congruence theorem itdmggtes and congruent.
7. Hence, the angle / AR F, /F B equaltohalfo/ A4 B(

Note

We showed a simple method to divide an angle to Auweatural question that rises is how to divide an
angle into other numbers. Since Euclid’s days, eratiticians looked for a method for trisecting an
angle, dividing it into 3. Only after years of taat was proven that no such method exists sinch a
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construction is impossible, using only ruler ancthpass.

Exercise

1. Find a construction for dividing an angle to 4.
2. Find a construction for dividing an angle to 8.
3. For which other number you can find such constonst?
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Side-Angle-Side Congruence Theorem

Geometry for elementary school

Why the constructions are The Side-Angle-Side congruence Some impossible
not correct? theorem constructions

Introduction

In this chapter, we will discuss another congrugheerem, this time the Side-Angle-Side theorene Th
theorem appears as Based on Book I, prop 4
(http://alephO.clarku.edu/~djoyce/java/elementskipoopl4.html) at the Elements.

The Side-Angle-Side congruence theorem

Given two triangleis, 4 B¢ and A [) F' F* such that their sides are equal, hence:

1. ThesideA R equals D E .
2. The side " 4 equals) F.

3. Theangle /(7 AF equals,” D E (These are the angles between the sides).

Then the triangles congruent and their other areghelsside are equal too.

Proof

We will use the method of superposition — we withra one triangle to the other one and we will show
that they coincide. We won’t use the constructi@nl@arned to copy a line or a segment but we will
move the triangle as whole.

Superposy/, A B(' on /A D F such thai is place orD and 4 |3 is placed or [) |
It is given thai 4 B equals ) E.
Hence B coincides withE.

It is given that the angl/ (A B equals/F [ E .
Hence, " 4 isplaced o) F.

itis given thal ¥ 4 equalsp) .

Hence,C coincides withF.

Therefore g coincides witt f/ .

ONOoO GA~LODNE
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9. The triangles/, A B( and /A, D F coincide.
10. The triangles/, A B¢ and A, [) |} F° congruent.
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Bisecting a Segment

Introduction

In this chapter, we will learn how to bisect a segimGiven a segme 4 3, we will divide it to two
equal segment A~ and/F . The construction is based on book |, proposition
(http://alephO0.clarku.edu/~djoyce/java/elementskipoopl10.html) .

The construction

1. Construct the equilateral trianc/\ 4 B> on 4 B.
2. Bisectan angle o/ 4 ) B using the segmei[) E .
3. Let C be the intersection point 1) F and 4 3.

Claim

1. Both A~ and/F are equal to half ¢4 1.

The proof

. ApD and B are sides of the equilateral trian/\, A B .

. Hence, A[) equals BT .
. The segmer [ equals to itself.

1
2
3
4. Due to the constructic,/ A [J F and / F'[J B are equal.
5
6
7

. The segment ) £ and [~ lie on each other.
. Hence,/ ADFE equalstt A and /F DB equalstc /¢ 'DE .

. Due to the Side-Angle-Side congruence theoremrihiegies and

congruent.
Hence, A and/ g are equal.
. Since 4 B isthe sum o 4 and/F , each of them equals to its half.

o

©
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Some Impossible Constructions

Geometry for elementary school

The Side-Angle-Side

Some impossible constructions Parallel lines
congruence theorem

Introduction

In the pervious chapters, we discussed severatroation procedures. In this chapter, we will numbe
some problems for which there is no constructiangienly ruler and compass.

The problems were introduced by the Greek and shme mathematicians tried to find constructiorns fo
them. Only in 1882, it was proven that there isapstruction for the problems.

Note that the problems have no construction whenestict our self to constructions using ruler .
compass. The problems can be solved when allowmgse of other tools or operations, for example, i
we use Origami (http://www.merrimack.edu/~thull/dled/geoconst.ntml) .

The mathematics involved in proving that the cartons are impossible are more too advanced fsr th
book. Therefore, we only name the problems and igiference to the proof of their impossibility aét
further reading section.

Impossible constructions

Squaring the circle

The problem is to find a construction procedure iha finite number of steps, to make a squara e
same area as a given circle.

Doubling the cube
To "double the cube" means to be given a cubemksside lengtls and volume/, and to construct a

new cube, larger than the first, with volumé @nhd therefore side lengthZs.

Trisecting the angle

The problem is to find a construction procedure tha finite number of steps, constructs an atigge is
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one-third of a given arbitrary angle.

Further reading

Proving that the constructions are impossible im@@hathematics that is not in the scope of thikboo
The interested reader can use these links to Wayrthe constructions are impossible.

The Four Problems Of Antiquity (http://www.cut-thkaeet.org/arithmetic/antiquity.shtmbas no solutio!
since their solution involves constructing a nuntbeat is not a constructible number
(http://www.cut-the-knot.org/arithmetic/rationaltstl) . The numbers that should have being constdict
in the problems are defined by these cubic Equation
(http://www.cut-the-knot.org/arithmetic/cubic.shjml

It is recommended to read the references in tlisror

1. Four Problems Of Antiquity (http://www.cut-the-knartg/arithmetic/antiquity.shtml)
2. Constructible numbers (http://www.cut-the-knot.arghmetic/rational.shtml)
3. Cubic Equations (http://www.cut-the-knot.org/arithine/cubic.shtml)
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Pythagorean Theorem

Write about Pythagorean_theorem (http://en.wikipexig/wiki/Pythagorean_theorem) and its use to
prove thaly/() 5 is an irrational number (http://en.wikipedia.orgfidirrational_number) .

Introduction

In this chapter, we will discuss the Pythagoreaotém. It is used the find the side lengths oftrigh
triangles. It says:

In any right triangle, the area of the square whegke is the hypotenuse (the side of a right
triangle opposite the right angle) is equal to gwen of areas of the squares whose sides are
the two legs (i.e. the two sides other than theotemuse).

This means that A, 4 B( is a right triangle, the the length of the hypots® c, squared eqauls the ¢
of a squared plus b squared. Or:

Here's an example:

In a right-angled triangle, a=5cm and b=7cm, sotwda?

c= 8.6

If ¢ is not larger than a or b, your answer is incorrect.
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Parallel Lines

Geometry for elementary school

Some impossible

X Parallel lines Squares
constructions

Definition

The definition of parallel lines is based on BopHéfinition 23
(http://alephO0.clarku.edu/~djoyce/java/elementskbalefl23.html) .

Parallel lines are straight lines that never irgetsNotice that when we consider parallel segmests
require that there is no intersection point evemdfextend the line the segments lie on.

The parallel lines postulate

The postulate appears in Euclid’s elements asiftiepbstulate
(http://alephO.clarku.edu/~djoyce/java/elementskiipost5.html) .

Let there be two lines. If there is a third linattintersects them such that the sum of the intangles
on one side is smaller than two right angles thertwo lines intersect.

This postulate was suspect as redundant. Mathaaraithough that instead of assuming it, the patul
can be deduced from other postulates. Howeveagtthenpts to deduce this postulate failed. The retso
this failure is that the indeed, the parallel papelidoesn’t follow from the other ones. While wsuase it
in plane geometry, one can define different geae(e.g., on a ball) for which this pospulateas n
valid.
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Sqguares

Geometry for elementary school

Parallel lines Squares Notation

A square is a geometric figure comprised of fomed of equal length, which are connected at right
angles.

= Prove properties of different squares using pdrafles theorems.
= Show that the more properties we have the moreanwgmove but on less shapes.
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A Proof of Irrationality

In mathematics, a rational number is a real nurtiircan be written as the ratio of two integess, it
is of the form

a/b wherea andb are integers anldis not zero. Anrrational number is a number that cannot be
written as a ratio of two integers, i.e., it is wdthe form
alb.

History of the theory of irrational numbers

The discovery of irrational numbers is usuallyihttted to Pythagoras, more specifically to the
Pythagorean Hippasus of Metapontum, who produgedaf of the irrationality of th'\/ﬁ. The story
goes that Hippasus discovered irrational numbeewitying to represent the square root of 2 as a
fraction (proof below). However, Pythagoras beletwethe absoluteness of numbers, and could not
accept the existence of irrational numbers. Hedccaot disprove their existence through logic, bat h
beliefs would not accept the existence of irrationanbers and so he sentenced Hippasus to death by
drowning. As you see, mathematics might be dangerou

Irrationality of the square root of 2

One proof of the irrationality of the square robRas the following proof by contradiction. The
proposition is proved by assuming the negationsdrodving that that leads to a contradiction, which
means that the proposition must be true.

The term coprime is used in the proof. Two integeescoprimes of non of them divides the other.

1. Assume thay/9 is a rational number. This would mean that theisténtegersa andb such thag

Ib=/3.

2. Thenv@ can be written as an irreducible fraction (theticn is shortened as much as possialg)

b such that andb are coprime integers ana /(b)2 =2.

3. It follows thata? / b2 = 2 anda® = 2b%.

4. Thereforea? is even because it is equal to2which is obviously even.
5

. It follows thata must be even. (Odd numbers have odd squares anchembers have even
squares.)
6. Becausea is even, there existskathat fulfills: a = 2k.
7. We insert the last equation of (3) in (69122—- (Z()2 is equivalent to B = &2 is equivalent td? =

242,
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8. Because I is even it follows thab? is also even which means ties even because only even
numbers have even squares.
9. By (5) and (8} andb are both even, which contradicts thadtb is irreducible as stated in (2).

Since we have found a contradiction the assumpéllj))that\/ﬁ is a rational number must be false. The
opposite is prover\/ﬁ Is irrational.
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Fractals

Introduction

All the previous constructions we considered hagl thimg in common. The constructions were ended
after a final number of steps. When one recallsrtethematicians actually used a ruler and comipass
order to execute the constructions, this requiréree@ms to be in place. However, when we remoge thi
requirement we can construct new interesting geacrstapes. In this chapter we will introduce tWo o
them. Note that these shapes are not part of Eaclgeometry and were considered only years dfter i
development.

Cantor Set

For a full overview of Cantor set see the artitlg//en.wikipedia.org/wiki/Cantor_set) at wikipadn
which this section is based. T@Bantor setwas introduced by German mathematician Georg Canto

The Cantor set is defined by repeatedly removiegiddle thirds of line segments. One starts by
removing the middle third from the unit interval [, leaving [0, 1/3] [2/3, 1]. Next, the "middle
thirds" of all of the remaining intervals are reredv This process is continued for ever. The Casgbr
consists of all points in the interval [0, 1] tleae not removed at any step in this infinite preces

What's in the Cantor set?

Since the Cantor set is defined as the set of poiot excluded, the proportion of the unit interval
remaining can be found by total length removedsTbial is the geometric series

So that the proportion leftis 1 — 1 = 0. Alternaty, it can be observed that each step leavesf2l&
length in the previous stage, so that the amoumai@ng is 2/3 x 2/3 x 2/3 x ..., an infinite pradu
which equals 0 in the limit.

From the calculation, it may seem surprising thaté would be anything left — after all, the sunthaf
lengths of the removed intervals is equal to tingtle of the original interval. However a closerkad
the process reveals that there must be sometHingitece removing the "middle third" of each iralr
involved removing open sets (sets that do not delilheir endpoints). So removing the line segment
(1/3, 2/3) from the original interval [0, 1] leavieehind the points 1/3 and 2/3. Subsequent stepsido
remove these (or other) endpoints, since the iatememoved are always internal to the intervals
remaining. So we know for certain that the Can&ris not empty.
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The Cantor set is a fractal

The Cantor set is the prototype of a fractal (Wep:wikipedia.org/wiki/Fractal) . It is self-sinai
(http://en.wikipedia.org/wiki/Self-similar) , becsiit is equal to two copies of itself, if each gop
shrunk by a factor of 1/3 and translated.

Koch curve

For a full overview of Koch curve see the artidiet://en.wikipedia.org/wiki/Koch_curve) at wikipied
on which this section is based.

TheKoch curve is a one of the earliest fractal (http://en.wildjgeorg/wiki/Fractal) curves to have been
described. It was publish during 1904 by the Swedisthematician Helge von Koch. The better known
Koch snowflake (or Koch star) is the same as the curve, except it starts watbcuilateral triangle
instead of a line segment.

One can imagine that it was created by starting wiline segment, then recursively altering eau li
segment as follows:

1. divide the line segment into three segments of ldgagth.
2. draw an equilateral triangle that has the middigrsnt from step one as its base.
3. remove the line segment that is the base of thegle from step 2.

After doing this once the result should be a stsapdar to the Star of David.
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The Koch curve is in the limit approached as thevalsteps are followed over and over again.
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The Koch curve has infinite length because each the steps above are performed on each line ségmen
of the figure its length increases by one thirde Téngth at step n will therefore be (4¥3)

The area of the Koch snowflake is 8/5 that of theal triangle, so an infinite perimeter enclosefnite
area.

63 of 72 4/25/2007 2:13 PM



Geometry for elementary school/Print version - \Wddks, collection...  http://en.wikibooks.org/wiki/@metry for_elementary_ school/Print...

What's Next?

Geometry for elementary school/What next?
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Notation

Geometry for elementary school

Squares, Notation

This chapter summaries the notation used in th&.b®o effort was made to use common conventions in
the notation. However, since many conventions ekestead might see a different notation usedherot
books.

One who is interested seeing an example of paatiapntmight be interested in Byrne's edition of
Euclid's Elements (http://www.sunsite.ubc.ca/DigtathArchive/Euclid/byrne.html) . See for example
the equilateral triangle construction
(http://www.sunsite.ubc.ca/DigitalMathArchive/Ewtbookl/images/bookl-1.html) .

Point

A point will be named by a bolded English lettesiathe poinf.

Line segment

We will use the notatio 4 3 for the line segment the startsfatind ends &B. Note that we don't care
the segment direction and theref 4 3 is similarto g 4 .

Angle

We will use the notatio ,/ 4 B¢’ for the angle going from the poiBt the intersection point of the
segmentp A and B .

Triangle

A triangle whose vertices afe B andC will be noted a4 B('. Note that for the purpose of
triangles' congruence, the order of vertices isartgmt anc/, 4 B¢ and are not necessarily
congruent.

Circle
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We use the notation for the circle whose center is the pofnaind its radius length equals that
of the segmer g~ .

Note that in other sources, suclEuclid's Elements
(http://alephO0.clarku.edu/~djoyce/java/elementskiboiefl15.html) , a circle is describe by any 3si
on its circumferencedBC.

The center, radius notation was chosen sincemsée be more suitable for constructions.

GNU Free Documentation License

Version 1.2, November 2002

1 1
1ICopyright (C) 2000,2001,2002 Free Software Foundat ion, Inc. !
151 Franklin St, Fifth Floor, Boston, MA 02110-1301 USA .
[Everyone is permitted to copy and distribute verbat im copies '
lof this license document, but changing it is not al lowed. .
1 1
1 1

The purpose of this License is to make a manudhoek, or other functional and useful documengéfr
in the sense of freedom: to assure everyone tketafé freedom to copy and redistribute it, with or
without modifying it, either commercially or noncamercially. Secondarily, this License preservestier
author and publisher a way to get credit for tiark, while not being considered responsible for
modifications made by others.

This License is a kind of "copyleft", which meahattderivative works of the document must themselve
be free in the same sense. It complements the Géhé¢i@l Public License, which is a copyleft license
designed for free software.

We have designed this License in order to use mrf@nuals for free software, because free software
needs free documentation: a free program shoulaseith manuals providing the same freedoms that
the software does. But this License is not limtiedoftware manuals; it can be used for any texiuek,
regardless of subject matter or whether it is @higld as a printed book. We recommend this License
principally for works whose purpose is instructamreference.

1. APPLICABILITY AND DEFINITIONS

This License applies to any manual or other warlgny medium, that contains a notice placed by the
copyright holder saying it can be distributed unttherterms of this License. Such a notice grants a
world-wide, royalty-free license, unlimited in dtica, to use that work under the conditions stated
herein. The "Document", below, refers to any suemual or work. Any member of the public is a
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licensee, and is addressed as "you". You accepicthese if you copy, modify or distribute the warka
way requiring permission under copyright law.

A "Modified Version" of the Document means any weadataining the Document or a portion of it,
either copied verbatim, or with modifications andfanslated into another language.

A "Secondary Section" is a named appendix or a-{fnoatter section of the Document that deals
exclusively with the relationship of the publishersauthors of the Document to the Document's divera
subject (or to related matters) and contains ngtthat could fall directly within that overall saj.
(Thus, if the Document is in part a textbook of hegmhatics, a Secondary Section may not explain any
mathematics.) The relationship could be a mattéisibrical connection with the subject or withateld
matters, or of legal, commercial, philosophicahj&l or political position regarding them.

The "Invariant Sections" are certain SecondaryiSestwhose titles are designated, as being those of
Invariant Sections, in the notice that says thatRbcument is released under this License. If aagec
does not fit the above definition of Secondary thes not allowed to be designated as Invariahe T
Document may contain zero Invariant Sections.dfflocument does not identify any Invariant Sections
then there are none.

The "Cover Texts" are certain short passages othex are listed, as Front-Cover Texts or Back«ov
Texts, in the notice that says that the Documerglesased under this License. A Front-Cover Text ma
be at most 5 words, and a Back-Cover Text may beoat 25 words.

A "Transparent" copy of the Document means a mactreadable copy, represented in a format whose
specification is available to the general publattis suitable for revising the document stragwardly
with generic text editors or (for images composkplixels) generic paint programs or (for drawings)
some widely available drawing editor, and thatuable for input to text formatters or for autormat
translation to a variety of formats suitable fgouihto text formatters. A copy made in an otherwise
Transparent file format whose markup, or absenceaskup, has been arranged to thwart or discourage
subsequent modification by readers is not Transpafen image format is not Transparent if usedaioy
substantial amount of text. A copy that is not 'figparent" is called "Opaque”.

Examples of suitable formats for Transparent copielside plain ASCII without markup, Texinfo input
format, LaTeX input format, SGML or XML using a didly available DTD, and standard-conforming
simple HTML, PostScript or PDF designed for humaodification. Examples of transparent image
formats include PNG, XCF and JPG. Opaque formatsidie proprietary formats that can be read and
edited only by proprietary word processors, SGMIXbtL for which the DTD and/or processing tools

are not generally available, and the machine-géegtdTML, PostScript or PDF produced by some word
processors for output purposes only.

The "Title Page" means, for a printed book, tHe page itself, plus such following pages as aszlad

to hold, legibly, the material this License regsite appear in the title page. For works in fornvatgch
do not have any title page as such, "Title Pageina¢he text near the most prominent appearante of
work's title, preceding the beginning of the bodlyhe text.

A section "Entitled XYZ" means a named subunithef Document whose title either is precisely XYZ or
contains XYZ in parentheses following text thahslates XYZ in another language. (Here XYZ stands
for a specific section name mentioned below, sschAaknowledgements”, "Dedications”,
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"Endorsements”, or "History".) To "Preserve thdeTibf such a section when you modify the Document
means that it remains a section "Entitled XYZ" adong to this definition.

The Document may include Warranty Disclaimers nexhe notice which states that this License applie
to the Document. These Warranty Disclaimers arsidened to be included by reference in this License
but only as regards disclaiming warranties: angoiimplication that these Warranty Disclaimers may
have is void and has no effect on the meaningisflilcense.

2. VERBATIM COPYING

You may copy and distribute the Document in anyionag either commercially or noncommercially,
provided that this License, the copyright noti@y] the license notice saying this License apphid¢se
Document are reproduced in all copies, and thatagtalino other conditions whatsoever to those of thi
License. You may not use technical measures tawtgir control the reading or further copying loé t
copies you make or distribute. However, you magptcompensation in exchange for copies. If you
distribute a large enough number of copies you ralsst follow the conditions in section 3.

You may also lend copies, under the same condistated above, and you may publicly display copies.

3. COPYING IN QUANTITY

If you publish printed copies (or copies in medhattcommonly have printed covers) of the Document,
numbering more than 100, and the Document's liceasee requires Cover Texts, you must enclose the
copies in covers that carry, clearly and legiblytteese Cover Texts: Front-Cover Texts on thetfron
cover, and Back-Cover Texts on the back cover. Botters must also clearly and legibly identify yasu
the publisher of these copies. The front cover mussent the full title with all words of the titkgually
prominent and visible. You may add other matenmattee covers in addition. Copying with changes
limited to the covers, as long as they preserveitlieeof the Document and satisfy these conditj@as

be treated as verbatim copying in other respects.

If the required texts for either cover are too woinous to fit legibly, you should put the first @lested
(as many as fit reasonably) on the actual cover cantinue the rest onto adjacent pages.

If you publish or distribute Opaque copies of thecDment numbering more than 100, you must either
include a machine-readable Transparent copy alatigesich Opaque copy, or state in or with each
Opaque copy a computer-network location from whighgeneral network-using public has access to
download using public-standard network protocatemplete Transparent copy of the Document, free of
added material. If you use the latter option, yaistiiake reasonably prudent steps, when you begin
distribution of Opaque copies in quantity, to eesiinat this Transparent copy will remain thus asibds

at the stated location until at least one year #fie last time you distribute an Opaque copy (dliyeor
through your agents or retailers) of that editiomhte public.

It is requested, but not required, that you corttaetauthors of the Document well before redistiiigu
any large number of copies, to give them a cham@edvide you with an updated version of the
Document.
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4. MODIFICATIONS

You may copy and distribute a Modified Version lo¢ Document under the conditions of sections 2 and
3 above, provided that you release the Modifieds\éer under precisely this License, with the Modiifie
Version filling the role of the Document, thus seng distribution and modification of the Modified
Version to whoever possesses a copy of it. In emtdiou must do these things in the Modified Vensi

A. Use in the Title Page (and on the covers, if anyfle distinct from that of the Document, and
from those of previous versions (which shouldhédre were any, be listed in the History section of
the Document). You may use the same title as aquewersion if the original publisher of that
version gives permission.

B. List on the Title Page, as authors, one or morsegms or entities responsible for authorship of
the modifications in the Modified Version, togethath at least five of the principal authors of the
Document (all of its principal authors, if it hasafer than five), unless they release you from this
requirement.

C. State on the Title page the name of the publisht#re Modified Version, as the publisher.

D. Preserve all the copyright notices of the Document

E. Add an appropriate copyright notice for your mamifions adjacent to the other copyright
notices.

F. Include, immediately after the copyright noticadicense notice giving the public permission to
use the Modified Version under the terms of thisehise, in the form shown in the Addendum
below.

G. Preserve in that license notice the full listdnefariant Sections and required Cover Texts given
in the Document's license notice.

H. Include an unaltered copy of this License.

I. Preserve the section Entitled "History", Presétw@&itle, and add to it an item stating at lehst t
title, year, new authors, and publisher of the MiediVersion as given on the Title Page. If thare i
no section Entitled "History" in the Document, ¢deeane stating the title, year, authors, and
publisher of the Document as given on its Titled?dgen add an item describing the Modified
Version as stated in the previous sentence.

J. Preserve the network location, if any, given i@ Bocument for public access to a Transparent
copy of the Document, and likewise the network fimee given in the Document for previous
versions it was based on. These may be placee itHistory" section. You may omit a network
location for a work that was published at least fgears before the Document itself, or if the
original publisher of the version it refers to gyeermission.

K. For any section Entitled "Acknowledgements" or didations”, Preserve the Title of the
section, and preserve in the section all the sabstand tone of each of the contributor
acknowledgements and/or dedications given therein.

L. Preserve all the Invariant Sections of the Documenaltered in their text and in their titles.
Section numbers or the equivalent are not congideaet of the section titles.

M. Delete any section Entitled "Endorsements”. Susécéion may not be included in the Modified
Version.

N. Do not retitle any existing section to be Entitl€éhdorsements" or to conflict in title with any
Invariant Section.

O. Preserve any Warranty Disclaimers.
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If the Modified Version includes new front-mattexcsions or appendices that qualify as Secondary
Sections and contain no material copied from theubtent, you may at your option designate somelor al
of these sections as invariant. To do this, adul thikes to the list of Invariant Sections in thedified
Version's license notice. These titles must bemdistrom any other section titles.

You may add a section Entitled "Endorsements”, iplexV it contains nothing but endorsements of your
Modified Version by various parties--for examplegtements of peer review or that the text has been
approved by an organization as the authoritativimitien of a standard.

You may add a passage of up to five words as af@ower Text, and a passage of up to 25 words as a
Back-Cover Text, to the end of the list of Covekfban the Modified Version. Only one passage of
Front-Cover Text and one of Back-Cover Text mapteed by (or through arrangements made by) any
one entity. If the Document already includes a ctext for the same cover, previously added bygou

by arrangement made by the same entity you anegacti behalf of, you may not add another; but you
may replace the old one, on explicit permissiomifitbe previous publisher that added the old one.

The author(s) and publisher(s) of the Documentatdog this License give permission to use their @am
for publicity for or to assert or imply endorsemehtny Modified Version.

5. COMBINING DOCUMENTS

You may combine the Document with other documegltsased under this License, under the terms
defined in section 4 above for modified versionsypled that you include in the combination altloé
Invariant Sections of all of the original documentsmodified, and list them all as Invariant Secsiof
your combined work in its license notice, and @i preserve all their Warranty Disclaimers.

The combined work need only contain one copy & titense, and multiple identical Invariant Secsion
may be replaced with a single copy. If there ardtipla Invariant Sections with the same name but
different contents, make the title of each suchi@eainique by adding at the end of it, in pareadsg the
name of the original author or publisher of thattiem if known, or else a unique number. Make thas
adjustment to the section titles in the list ofdriant Sections in the license notice of the comdbiwork.

In the combination, you must combine any sectiom#lEd "History" in the various original documents
forming one section Entitled "History"; likewiserabine any sections Entitled "Acknowledgements”, and
any sections Entitled "Dedications”. You must dekst sections Entitled "Endorsements."

6. COLLECTIONS OF DOCUMENTS

You may make a collection consisting of the Docunagm other documents released under this License,
and replace the individual copies of this Licems#hie various documents with a single copy that is
included in the collection, provided that you felithe rules of this License for verbatim copyingeath

of the documents in all other respects.

You may extract a single document from such a cotla, and distribute it individually under this
License, provided you insert a copy of this Liceimie the extracted document, and follow this Leen
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in all other respects regarding verbatim copyinthat document.

7. AGGREGATION WITH INDEPENDENT WORKS

A compilation of the Document or its derivativesiwother separate and independent documents or
works, in or on a volume of a storage or distribatmedium, is called an "aggregate" if the copyrigh
resulting from the compilation is not used to lithie legal rights of the compilation's users beyahdt

the individual works permit. When the Documentniisluded in an aggregate, this License does noyappl
to the other works in the aggregate which are matnselves derivative works of the Document.

If the Cover Text requirement of section 3 is aqgdble to these copies of the Document, then if the
Document is less than one half of the entire agdeeghe Document's Cover Texts may be placed on
covers that bracket the Document within the agdeega the electronic equivalent of covers if the
Document is in electronic form. Otherwise they maygbear on printed covers that bracket the whole
aggregate.

8. TRANSLATION

Translation is considered a kind of modificatiom,ysu may distribute translations of the Document
under the terms of section 4. Replacing Invariguti®ns with translations requires special perrarssi
from their copyright holders, but you may includanislations of some or all Invariant Sections in
addition to the original versions of these Invari@actions. You may include a translation of thisehse,
and all the license notices in the Document, arydVdarranty Disclaimers, provided that you also e
the original English version of this License and dniginal versions of those notices and disclasmier
case of a disagreement between the translatiothanatiginal version of this License or a notice or
disclaimer, the original version will prevail.

If a section in the Document is Entitled "Acknowgednents”, "Dedications”, or "History", the
requirement (section 4) to Preserve its Title {sect) will typically require changing the actudld.

9. TERMINATION

You may not copy, modify, sublicense, or distribthite Document except as expressly provided for unde
this License. Any other attempt to copy, modifyblszense or distribute the Document is void, antll wi
automatically terminate your rights under this lnse. However, parties who have received copies, or
rights, from you under this License will not habeit licenses terminated so long as such partresire

in full compliance.

10. FUTURE REVISIONS OF THIS LICENSE

The Free Software Foundation may publish new, egvigrsions of the GNU Free Documentation
License from time to time. Such new versions wdldimilar in spirit to the present version, but may
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differ in detail to address new problems or conse8ee http://www.gnu.org/copyleft/.

Each version of the License is given a distinguighiersion number. If the Document specifies that a
particular numbered version of this License "or tgr version” applies to it, you have the opidn
following the terms and conditions either of tha¢aified version or of any later version that hasrb
published (not as a draft) by the Free SoftwarenBation. If the Document does not specify a version

number of this License, you may choose any versian published (not as a draft) by the Free Soéwar
Foundation.
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